Abstract Heat flow in heterogeneous media with complex microstructure follows tortuous path and therefore determination of temperature distribution in them is a challenging task. Two-scales, micro-macro model of heat conduction with phase change in such media was considered in the paper. A relation between temperature distribution on the microscopic level, i.e., on the level of details of microstructure, and the temperature distribution on the macroscopic level, i.e., on the level where the properties were homogenized and treated as effective, was derived. The expansion applied to this relation allowed to obtain its more simplified, approximate form corresponding to separation of micro-and macro-scales. Then the validity of this model was checked by performing calculations for 2D microstructure of a composite made of two constituents. The range of application of the proposed micro-macro model was considered in transient states of heat conduction both for the case when the phase change in the material is present and when it is absent. Variation of the effective thermal conductivity with time was considered and a criterion was found for which application of the considered model is justified.
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Introduction
Heterogenous media are characterized by complex form of constituent distribution (e.g,. composites, thermal insulations, building materials, soil) [6, 7] . Heat transfer processes in these media are sometimes assisted by phase transformations, which lead to formation and variation in the media microstructure (e.g., two-phase region known as "mushy zone" in solidifying alloys) [1, 8] . Numerical analysis of heat and mass transfer in heterogeneous media with highly dispersed constituents is very tedious and is usually out of nowadays computing capabilities [4, 11] . Therefore, in the mathematical description and numerical simulation of transfer processes occurring in heterogeneous media it is common to replace a medium with locally stepwise varying properties with a continuous (effective) medium with constant or smoothly varying macroscopic (effective) properties [5] . Such two-scale type approach allows for a significant simplification and quicker analysis of transfer processes in heterogeneous media. In processes where the structure is developed, i.e., alloy solidification, or local thermal stresses affect durability of a material local (on the microscopic level) temperature, the species concentration or thermal deformations are of importance [9] . Then a question can be raised if from the knowledge of medium microstructure and macroscopic distributions of temperature, species concentration or deformation obtained on the macroscopic level, i.e., using the effective medium approach it is possible to derive information about these distributions on the local (microscopic) level [9] . In the case of microstructure formation the question is posed of what kind of the microstructure is developed and how it evolves in time. A few approaches to micro-macro modelling of microstructure formation in crystallizing alloys with a different success were proposed in literature [2, 3, 9, 10] .
In the paper two problems were analyzed. The first one refers to determination of the local temperature distribution from the macroscopic one. The second problem is related to limitations placed on scope of application of the effective properties, i.e., in what case the effective medium approach is applicable. In both problems it was assumed that the heterogeneous medium was made from regularly arranged cylindrical inclusions (fibres) in a matrix material. The heat transfer process was limited to heat conduction but the transient state of heat transfer was considered and in some cases the phase change occurring in the fibres was accounted for. Initially a comparison has been carried out between temperature distribution in a heterogeneous material obtained directly from numerical simulation with step-wise vary-ing properties with temperature distribution obtained via solution of the macroscopic temperature distribution using effective medium approach. In the second part of the paper the effective thermal conductivity was calculated from transient temperature and heat flux distributions. It was studied for what time, counting from the beginning of the heat transfer process, the macroscopic approach could be used as justified by the observed, constant value of the effective thermal conductivity.
2 Relation between microscopic and macroscopic temperature in the heterogeneous medium
Heat transfer in a heterogeneous medium with possible phase change appearing in the constituents, in absence of convection and thermal radiation as well as for known distribution of constituents is described by the following equation [1] :
where the symbol k denotes the respective constituent and in particular corresponds to solid s or liquid phase l, i.e. k = s, l; ∂ t is the time derivative, ρ k and h k are the density and specific enthalpy, respectively while the symbol q k stands for the heat flux vector in kth constituent. Balance of energy should be satisfied not only in interior of constituents but also at the interfaces between them. In particular for a constituent undergoing phase transformation it should be satisfied at the liquid/solid interphase, which moves with a velocity w i , i.e.:
where w i is the velocity of the solid-liquid interphase, n s , n l are the external, normal unit vectors to solid or liquid interphase. After rearrangement and introduction of the latent heat of the phase change Eq. (2) leads to the expression
Additionally it was assumed that at the liquid/solid interphase the melting (freezing) temperature is held T s = T l = T m and that the heat flux q in each constituent (phase) is described by the Fourier law with assumed isotropic properties of materials:
where λ k is the thermal conductivity of kth constituent. All quantities appearing in the above equations, including specific heats and thermal conductivities are dependent on location x and on the way (configuration) the constituents are distributed in the heterogeneous material, which is described by the symbol Ω.
Before the macroscopic description is used it is convenient to introduce the generalized function [5] 
which allows to write all equations in one, generalized way accounting for the presence of many constituents (phases) in the material. The function θ is known as the structure function and is defined in the following way [1] :
where V k denotes the volume of kth constituent (here solid and liquid phases are treated as distinct constituents). The structure function satisfies the following relations [1] :
where the symbol δ denotes the Dirac pseudo-function, x i describes location of the solid/liquid interphase while the vector n k is a unit, external vector normal to boundary of kth constituent (phase). Any function f dependent of the constituent configuration can be statistically averaged over a set of allowed distributions Ω. The average '·' (macroscopic value) denotes therefore the statistically awaited average. If the function f corresponds to the structure function θ k then:
Variation of temperature in a heterogeneous material is affected by heat conduction in the constituents, energy accumulation and generation (or absorption) of heat due to the phase transformation. The macroscopic energy equation, independent of the particular distribution of constituents, can be obtained via multiplying the microscopic energy Eq. (1) by the structure function θ k . This leads to the equation
The r.h.s. of this equation can be transformed, using expression (2) to the form
The Eq. (12), valid for each constituent (phase), can be subsequently summed up over all constituents giving
If the volumetric specific heats (products of density and specific heats) as well as the latent heat of melting are assumed constant then the energy equation can be cast to the form
The Eq. (13), when statistically averaged, leads to the macroscopic form of the energy equation:
Using the same assumptions as earlier stated Eq. (14) can be expressed, after introduction of Eq. (1) and averaging in its macroscopic form:
where ε l is the volume fraction of the fluid. When the enthalpy formulation of the energy equation, Eq. (15), is utilized in analysis the location of solid/liquid interphase on the macroscopic level is determined from the relation between the enthalpy and melting temperature T m . In order to solve the macroscopic energy equation relations between the mean values of {ρh} and {q} appearing in Eqs. (15) or (7) with the macroscopic temperature {T } are needed. They could be easily derived if the relations between the microscopic T and macroscopic one {T }is known. In order to find these relations the generalized form of the Fourier law
was introduced in the energy equation (1), where the thermal conductivity, λ, is defined in the following way:
The microscopic energy equation was then transformed to the form
where the source function F T has been defined as
and
where the subscript r denotes the reference value.
The boundary condition, assumed on the external boundary of the heterogeneous material, was written as
where the ambient temperature, T ∞ , convective heat transfer coefficient, α c and the function f T , depend on location and time but are independent of the way the constituents are distributed in the material, i.e., on Ω and n e is the unit vector normal to the external surface. The above equations were supplemented with the initial condition in the form
Subsequently the Green function, G T , as defined by the set of the following equations, has been introduced:
where V is the the medium volume. Using the Green function theory Eq. (19) can be formally solved for the local temperature:
Statistically averaging of the above equation and its subsequent subtraction from the Eq. (25) leads to the following relation between the microscopic and macroscopic temperatures:
The volumetric specific enthalpy ρh is dependent on the material temperature and can be expanded in series around the macroscopic temperature. The differences between the microscopic and macroscopic enthalpy appearing in this expansion can be introduced into Eq. (26). This procedure leads to the following form of the latter equation:
where S, φ and ψ, which are subsequently called the microstructure functions, describe differences between the local and macroscopic temperature caused by presence of heat sources or the space and time variation in the macroscopic temperature. After substitution of the relation (27) into Eq. (26) the integro-differential equations for the unknown 'microstructure' functions φ, ψ, S were derived:
where 1 is the unit second order tensor, and, and δ x , δ t denote Dirac functions in respect to location and time.
The superscript 'o' in Eqs. (28)- (30) denotes determination of the considered function for the macroscopic temperature {T } while the expression ∆(ρ o c o ) is related to difference in the volumetric specific heats of the constituents undergoing the phase change. Substitution of the expression (26) into the averaged terms appearing in the macroscopic forms of the energy equation, Eqs. (15) or (16), leads to the following relations between the macroscopic heat flux and volumetric specific enthalpy on one side and the macroscopic temperature on the other side:
where the macroscopic (effective) properties are defined by the formulae:
The term q ST shows the effect of local, temperature dependent, heat sources existing at solid/liquid interface on the heat flux and the terms containing the effective properties h ST , ς T ef and µ T ef , are responsible for the additional heat accumulation in the material. The heat sources appearing at the boundaries of constituents undergoing phase transformations locally deform temperature distribution and contribute to the additional heat fluxes and heat accumulation in the material.
3 Simplified relation between the microscopic and macroscopic temperatures in a heterogeneous medium following from separation of scales
If the greatest micro-dimension ℓ, e.g., the mean distance between inclusions in the heterogeneous material, is smaller than the smallest macro-dimension associated with variation of the macroscopic temperature in the material the significant simplification can be obtained based on this scale separation. The functions φ, ψ, S can be expanded into the infinite series of growing powers of the micro-dimension ℓ , i.e., -for function φ:
-for function S:
-for function ψ:
The scale separation is valid when the first terms on the r.h.s. of the above expansions are remained. This corresponds to the assumption that gradients and time derivatives of the macroscopic temperature are varying slowly in space and time and therefore the scales associated with them are much greater than the micro-dimension ℓ.
When the expansions of Eqs. (33)-(35) are substituted into Eqs. (27)-(30) and condition for separation of scales is invoked, the following relation between the microscopic and macroscopic temperatures is received
while the integro-differential equations for the functions φ, S are reduced to the form
Also the equivalent differential form of the above equations can be derived and is given by the formulae:
where A denotes the external area of the material. In a similar way after substitution of these expansions into expression (31) and (32) the following relations for the macroscopic heat flux and mean volumetric specific enthalpy are derived:
The effective thermal conductivity appearing in the relation (43), corresponding to the Fourier law for the macroscopic quantities, is defined in the following way:
Equations (37)- (42) are based on the local coordinates related to the macroscopic ones by the following formula:
where the origin of these local coordinates is placed in the nearest characteristic point associated with the medium microstructure, e.g., in the centre of inclusion. In order to illustrate application of this two-scale model the problem of heat conduction in the composite shown in Fig.1 was considered. Different temperatures T 1 and T 2 are applied to the left and right surfaces of the composite domain. The other surfaces are treated as thermally insulated. In absence of the phase change Eqs. (39) and (40) were solved for the microstructure vector function φ. As the macroscopic heat flow occurs in direction x (from higher temperature T 2 to lower T 1 ) then the component φ x of this function is only of interest and its form is shown in Fig. 2 . In the steady state of heat conduction the gradient of macroscopic temperature {T } is constant for the given boundary conditions and the formula from Eq. (36) was used to calculate an approximate microscopic temperature distribution. The latter was compared with the temperature distribution obtained from the solution of the original problem on the microscopic level. The results show very good accuracy of the results predicted via the macroscopic problem (reconstructed distribution) with the exact ones (real distribution) - Fig. 3 . 
Limits of application of two-scale model following from transient states of heat conduction -
It is interesting to find when the approximation discussed at the end of the last chapter is valid, i.e., when the microscopic temperature can be approx-imated by the formula (36), in which the macroscopic temperature is used. It can be noticed that also the microscopic and macroscopic temperature are dependent on location expressed by the vector x and time t the functions φ, S, appearing in Eq. (36), do not depend on time. Therefore also the effective thermal conductivity, defined in Eq. (45), does not depend on time. It can thus serve as way to verify validity of the discussed assumption.
The effective thermal conductivity of the composite can be found in the following way. The divergence of the product of heat flux vector q and the location vector x was integrated over the whole composite domain, V , to give
After substitution of the energy equation, Eq. (1), and converting the volume integral on the l.h.s. of the above equation to the surface integral, the Eq. (46) was transformed to the form
where the symbol n denotes the external unit vector normal to the domain surface. The relation between the heat flux vector and temperature, following from the Fourier law, was subsequently substituted into the second term of Eq. (47) and the volume integral over the temperature gradient changed into the surface integral giving
The formula of Eq. (48) can be applied to the rectangular domain -see Fig. 4 . Depending on the location of the origin of the x coordinate axis two formulas for the effective thermal conductivity can be obtained:
where A is the lateral area of the composite sample. The first formula corresponds to the origin of coordinates located on the left surface of the composite while the second one the origin of coordinates located on the right surface of the composite. The symbolsQ 1 andQ 2 describe heat flow rate through left and right surface of the composite, respectively -see Fig. 4 . The volumetric specific enthalpy of the constituents was expressed with the formula
where ε l is the fraction of the solid phase in the elementary volume, L mlatent heat of melting and T ref is the reference temperature.
In the further analysis a composite made of two constituents a matrix with the thermal conductivity λ m and cylindrical fibers with the thermal conductivity λ f were assumed. The fibres were unidirectionally aligned and dispersed in the matrix in the regular fashion as shown in Fig. 4 . Heat conduction occurred in the direction perpendicular to fibres. Moreover, the fibre material could undergo the phase change. Initial geometry of the composite was shown on the l.h.s. part (a) of Fig. 4 . Subsequently the new structures of the composite were derived from this original structure by increasing the number of fibers from 1 to 8 with the respective decrease in distance between them -see Fig. 4 . During this process of increasing the dispersion of fibres in the matrix, the total volume fraction of the fibre material in the composite was not changed. Constant but different temperatures T 1 , T 2 were assumed on the opposite side of the composite domain. The other side were thermally insulated. The boundary conditions corresponded to these for which thermal conductivity of materials is measured using the steady state method. The energy equation corresponding to Eq. (1), was solved using the finite volume method with unstructured mesh and application of the implicit Euler scheme for integration in time. In the numerical simulations carried out with commercial software [13] additional data were also assumed: the volume fraction of fibres was ε f = 0.2, composite thickness δ = 0.1 m and the latent heat of melting for the fibre material was assumed to be L m = 250 kJ/kg. The left surface of the composite was kept at temperature T 1 = 300 K while the right surface at temperature T 2 = 290 K. The combination of thermal properties, listed in the table above, were considered. Subsequently the numerical results were expressed in the dimensionless form, i.e., the ratio of the effective to matrix thermal conductivity and the dimensionless time -Fourier number. The latter number: Fo = amt ℓ 2 , was based on the thermal diffusivity of the matrix material a m while the characteristic length l was assumed to be the distance between fibres.
No phase transformation At the first no phase transformation was considered in the composite. In all carried out calculations it was found that that the effective thermal conductivity values obtained from independent relations (49) and (50) assumed the identical values already after two time steps -see, eg., Fig. 5 .
For the cases (a) and (b) the effective thermal conductivity, after the initial stage of an increase attained the maximum value and then decreased with time tending to the asymptotic value for long times after the process had been initiated -Figs. 6a and 7a. During the period of decrease the effective thermal conductivity was different for different dispersion of fibre material in the composite. Irrespective of a degree of dispersion of the fiber material the asymptotic value of λ ef was the same. Moreover, it was observed that this asymptotic value is attained quicker for the higher degree of dispersion of the matrix material. It was then noticed that, irrespective of the different degree of dispersion, all effective thermal conductivity values, after different initial time follow The calculations were also carried out for the case (c) when the volumetric specific heats of composite constituents were different but their thermal conductivities the same. Then the effective thermal conductivity, equal to 1 W/m K, was attained already at the very short times after the process initialization not being affected by the fibre dispersion -see Fig. 8 .
Nonisothermal phase change At the second series of calculations the non-isothermal phase change was considered. The phase change was assumed to occur within 1 K around the temperature 295 K. It was also assumed that the mass fraction of the solid phase is a linear function of temperature and the latent heat of melting is L m = 250 kJ/kg. The fraction of melted fibre material is shown in Fig. 10 . The calculated effective thermal conductivity was found to vary with time but gradually tended to the constant asymptotic value -see Figs. 9a and 11a. The same behavior as for no phase change was found, i.e., the asymptotic values were attained earlier for the higher degree of the fibre dispersion. However oscillations in λ ef for low times were observed independent of the case whether the volumetric specific heats of the composite constituents were different -case (a) or the same -case (b). These oscillations, with decreasing amplitude were also seen for Fo < 10 2 when the dimensionless values were utilized -see Figs. 9b and 11b. The dimensionless time for which the asymptotic value of the effective thermal conductivity was again found for the Fourier number close to unity. If the thermal conductivities of composite constituents were the same but the volumetric specific heat differed then, for the nonisothermal phase transformation, the asymptotic value of λ ef = 1 W/m 2 K was attained for much lower values of the Fourier number corresponding to 0.1. No oscillations in calculations were observed that were so characteristic for different thermal conductivities of constituents.
The isothermal phase change In the last series of calculations the isothermal phase change was assumed with the melting temperature T m = 295 K. The results of simulations for different thermal conductivities and specific heats of composite constituents are shown in Fig. 12 . The results are very similar to those obtained for the nonisothermal phase change with the same, observable oscillations being damped for Fo ≥ 10 2 . 
Conclusions
It was shown that the microscopic temperature distribution in the heterogeneous medium, in which transient heat conduction with phase change is present, can be retrieved from the macroscopic temperature determined at the level where no material microstructure is visible. The method used to do it is based on the solution of the independent problem, which allows to find the so-called "microstructure" functions φ, S. At the lowest level of approximation, corresponding to assumption of two scales (micro and macro) separation these functions do not vary in time and depend only on the way medium constituents are distributed and what are their thermal properties.
An example of application of the method was presented for steady heat flow in a composite made from two constituents. The results were found to compare well to the exact solution of the considered problem -see Fig. 3 . Subsequently, the range of application of such lowest approximation of the method was studied. The theoretical considerations indicate that in this case the effective thermal conductivity should not depend on time. Therefore the variation of the effective thermal conductivity with time was investigated. Transient heat conduction with the presence and lack of phase transformation was analyzed in a fibre-reinforced composite with heat flow perpendicular to fibres. The fibre material was differently dispersed in the medium, i.e., the increasing number of fibres was considered with the total amount of fibre material unchanged. The effective thermal conductivity of the composite was determined from numerical simulations using the method corresponding to the steady state method of thermal conductivity measurement. It was found that if the long enough time of heat conduction process is considered the effective thermal conductivity attains constant, asymptotic values in agreement with the two scale approximation discussed earlier. The asymptotic values of λ ef were independent of the volumetric specific heats of composite constituents, degree of fibre material dispersion or whether phase transformation was present or absent in the composite. Moreover, the asymptotic, constant values of λ ef were attained for shorter times if the degree of constituent dispersion was greater. If the nondimensional time (Fourier number) based on the microdimension is introduced all the thermal conductivity curves merge to the same line for higher Fo numbers leading to asymptotic, constant value of the effective thermal conductivity value for Fo > 1. If the phase transformation is present oscillations in variation of λ ef /λ m values with time, when the effective thermal conductivity tend to its asymptotic value, were observed. These oscillations were significantly damped in time. Their origin seems to be of numerical nature. The latter conclusion was derived from the observation that when the latent heat of melting was decreased the oscillation had a lower amplitude.
